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ABSTRACT
Current research inspects the influencesof two-dimensional unsteady
nanofluid flow over a permeable exponential stretching sheet with
the impact of magnetic field parameter, thermal radiation together
with a non-uniform heat source or sink. The dimensional equations
namely Partial differential equations (PDE’s) are transformed into
dimensionless form as ordinary differential equations (ODE’s) by
using the suitable transformations. The reframed ODE’s are solved
numerically through the computer-based tool MATLAB with the
bvp4c package. The derived results of velocity, temperature and
species distributions are depicted graphically. Also, the numerical
results of skin friction coefficients, heat transfer rate and mass trans-
fer rate in terms of Nusselt number and Sherwood number are
deployed via tables. The comparison of the present work with pub-
lished work shows complete agreement for skin friction factor and
Nusselt number. In absolute sense skin friction enhances asmagnetic
field parameter enhances. The Brownian motion and thermophore-
sis parameters play an essential role towards thermophysical flow
field of nanofluids. Further, we noticed that both Brownian motion
parameter and thermophoresis parameter cause an enhancement in
the fluid temperature. Furthermore, the unsteady parameter causes
increase inwall friction and heat transfer rate. However, the opposite
trend is observed for the heat source/sink parameters.
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Nomenclature

(u, v) Velocity components in (x, y)directions
B0 Magnetic field strength
T Dimensional temperature
C Dimensional concentration
Cp Heat capacity at constant pressure
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υ Kinematic viscosity
ρ Fluid density
R Radiation parameter
A Unsteady parameter
S Suction/Injection parameter
τ Ratio of specific heats
DB Coefficient of Brownian motion
DT Coefficient of Thermophoresis diffusion
κ Thermal conductivity
Pr Prandtl number
M Magnetic field parameter
Nb Brownian motion parameter
Nt Thermophoresis parameter
L Characteristic length
A∗, B∗ Heat sink or source parameters
Cf Skin friction coefficient
Nux Rate of local heat transfer coefficient
Shx Rate of local mass transfer coefficient
Sc Schmidt number
qw Heat flux
qm Mass flux
Rex Local Reynolds number

Greek Symbols

η Similarity variable
σ Electrical conductivity
αT Thermal diffusivity
θ Dimensionless temperature
φ Dimensionless concentration
τw Shear stress
μ Dynamic viscosity

Subscripts

∞ Ambient condition
w Condition on the sheet or wall

Superscript
′ Differentiation w.r.t η

∗ Dimensional properties
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1. Introduction

The boundary layer flow of a viscous fluid with heat transfer along the flat surface was
being used at the industrial works like hot rolling, extrusion of metal, frequent elabora-
tion of plastic films and the wires drawing. Many researchers spent their work investigating
a flow field. Sakiadis [1] was a pioneer in investing the boundary layer flow along the
stretched surface, attaining the fixed velocity with improving the boundary layer equa-
tions for axisymmetric flows in 2D. Erickson et al. [2] prolonged the Sakiadis concept [1],
implementing the forces injection and suction upon a stretched surface stirring with stable
velocity also examined the impact on the fluid flow and heat transfer. Plenty of physical
conditions related to movable stretching sheet attaining the fixed velocity under various
thermal conditions have been examined by Carragher and Crane [3], Grubka and Bobba
[4], Magyari and Keller [5] and Mabood et al. [6] discussed the hydromagnetic flow over
an exponentially stretching sheet with radiation. The hydromagnetic boundary layer flow
over an exponentially stretching sheet with heat transfer embedded in a stratifiedmedium
was analyzed by Mukhopadhyay [7]. Also, the researchers Hayat et al. [8] investigated the
unsteady boundary layer flow over an exponentially stretching sheet with slip conditions
and in the presence of the magnetic field. They found that the slip parameters reduce
the boundary layer thickness. The researchers [9–13] have reported a few useful recent
investigations over an exponentially stretching sheet.

Conventional heat transfer fluids like molten salts, oil, water, gases, etc., have inherently
poor thermal conductivity compared to solids. So, these possess limited heat transfer capa-
bility, which is inadequate to handlemodern cooling systems.With this intention, Choi [14]
gained the interest to propose an innovative idea of transforming convectional heat trans-
fer fluids to sophisticated heat transfer fluids and named them nanofluids, which are pre-
pared by pouring the nanoparticles into conventional fluids having a diameter of less than
100 nm. The nanofluids have high cooling capabilities and show an abnormal high thermal
conductivity compared to natural convectional heat fluids. These are extensively used in
automotive engines, cooling chips, preventing clogging problems in micro-channels, and
helpful in drug delivery, and the pharmaceutical industry makes giant leaps and bounds.
Later, Buongiorno [15] and Tiwary and Das [16] developed two nanofluid models, namely
homogeneous and non-homogeneous. Buongiorno [15], in his model, has proposed that
seven mechanisms affect the nanofluid flow, of which only Brownian diffusion and ther-
mophoresis are predominantmechanisms. Due to its numerous applications, the following
researchers studied nanofluid flows. The 2D boundary layer flow of a nanofluid over an
exponentially stretching sheet with suction/injection is analyzed by Nadeem and Lee [17].
The effect of Brownian motion and thermophoresis on boundary layer flow over an expo-
nentially stretching sheetwith convective boundary condition is discussed byMustafa et al.
[18]. Nadeem et al. [19] considered the three-dimensional water-based nanofluid flow over
an exponentially stretching sheet. They found that the temperature exponent parameter
reduces the heat transfer rate. They found that the convection parameters improve the
nanofluid temperature and heat transfer rate. Bhattacharyya and Layek [20] analyzed the
flow of magnetohydrodynamic nanofluid along the permeable exponentially stretching
sheet. Anwar et al. [21] discussed the stagnation point flow of a nanofluid past an expo-
nentially stretching sheet with the influence of a magnetic field and thermal radiation.
Loganathan and Vimala [22] studied the hydromagnetic boundary layer flow of a nanofluid
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theoretically through the exponentially stretching sheet with the radiation effect. In this
study, they used four types of nanoparticles with the base fluid water. They found that TIO2

nanofluid has better enhancement on heat transfer compared to Cu,Ag and Swater-based
nanofluids. The magnetohydrodynamic flow of a water-based nanofluid over a permeable
exponentially stretching sheetwith convective type boundary conditionswas discussed by
Hayat et al. [23]. They concluded that the convection parameter improves the heat trans-
fer rate. Mohamed et al. [24] discussed the hydromagnetic radiative nanofluid flow over
an exponentially stretched sheet in a medium that consists of porous with the effects like
suction or injection.

The examination of the temperature field as customized either by generation or the
absorption of heat in the moving fluids is predominant in the aspects of several physical
problems, such as chemical reaction processes or in the problems associated with dissoci-
ating fluids. The volumetric rate of heat generation is treated as a constant or function of
space variables, whilst few other studies also directly considered frictional heating and the
expansion effect. Foraboschi and Federicol [25] assumed volumetric rate of heat genera-
tion of the type Q = Qo(T − T0) when T ≥ T0 and Q = 0 when T < T0. Very recently, the
authors Shahzad et al. [26] studied the flow analysis of a Jeffery nanofluid over a stretch-
able surface with the influence of a magnetic field and viscous dissipation. The authors
concluded that graphene-EG nanofluid temperature is higher than the conventional fluid
temperature. Later, the investigators Shamshuddin and Mohamed [27] examined the heat
transfer phenomena of a magnetized nanofluid flow over a spinning disc in the presence
of variable viscosity and variable thermal conductivity. In this investigation, the authors
considered the water-based nanofluid containing ferromagnetic particles. Amine et al. [28]
examined the behavior of a triangular cavity occupied with the water – based Ag/MgO
hybrid nanofluid in the presence of a magnetic field and quarter circular porous medium.
The numerical and analytical investigation of a mixed convection Falkner-Skan flow of a
nanofluid over a vertical plate was studied by Boumaiza et al. [29]. Waqas et al. [30] exam-
ined the gyrotactic motile microorganisms’ effects of a Jeffery nanofluid over a stretching
sheet influenced by a magnetic dipole with ferromagnetic particles. They found that the
Ferro-liquid, the buoyancy ratio, and retardation parameters are causes to retard the fluid
velocity.

The present adopted one-phase nanofluid model particularly reveals that the type of
application affects the behavior of nanofluids in such a way as now the structure of the
energy equation alters in the context of this adopted methodology.

As per the authors’ knowledge, no effort has been found to study the nanofluid flow
along a permeable exponentially stretching sheet with the effects like non-uniform heat
source or sink and the impact of radiation. The thermophoresis and Brownian motion
effects are considered. The ordinary differential equations are solved numerically. The
impact of involved parameters on flow field is examined and offered by using tables and
graphs.

2. Mathematical formulation

Weconsider an incompressible two-dimensional unsteadynanofluid flow throughanexpo-
nentially permeable stretching sheet in the existence of thermal radiation, magnetic field,
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Figure 1. Physical representation and co-ordinate system.

alsonon-uniformheat source/sinkeffects. The flow is causedvia anexponentially stretching
sheet, see Figure 1. The flow of fluid is limited to y > 0.

• It is taken that the sheet is exponentially stretched and have velocities uw(x, t) =
U0

1−α1t
e
x
L and vw(x, t) = V0

1−α1t
e

x
2L [31]. HereU0 > 0, is the shrinking constant andU0 <

0 is the stretching constant, V0 < 0 for mass suction and V0 > 0 corresponds to mass
injection.

• A variable Magnetic field B(x, t) = B0√
1−α1t

e
x
2L [31] is applied normal to flow direction.

• The unsteady flow starts at t = 0.
• The suction is applied normal to the sheet.
• In addition to this, the effects of thermal radiation and non-uniform heat source/sink

are taken into account.
• The non-homogeneous nanofluid model namely Buongiorno model has been con-

sidered to study the mutual impacts of Nt and Nb.

Under the aforesaid assumptions the time-dependent governing boundary layer
approximations are

∂u

∂x
+ ∂v

∂y
= 0, (1)

∂u

∂t
+ u

∂u

∂x
+ v

∂v

∂y
= υ

∂2u

∂y2
− σB02

ρ
u, (2)

∂T

∂t
+ u

∂T

∂x
+ v

∂T

∂y
= αT

∂2T

∂y2
+ τ

{
DB

∂C

∂y

∂T

∂y
+ DT

T∞

(
∂T

∂y

)2
}

− 1
ρCP

∂qr
∂y

+ q′′′

ρCP
, (3)

∂C

∂t
+ u

∂C

∂x
+ v

∂C

∂y
= DB

∂2C

∂y2
+ DT

T∞
∂2T

∂y2
. (4)
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The appropriate boundary conditions are

u = uw(x, t), v = vw(x, t), T = Tw(x, t), C = Cw(x, t) at y = 0,
u → 0, T → T∞, C → C∞ as y → ∞.

(5)

The non-uniform heat source/sink is modeled as [32]

q′′′ = κuw
xυ

[A∗(Tw − T∞)f′ + B∗(T − T∞)], (6)

and,

Tw = T∞ + T0

(
e

x
2L

1 − α1t

)
andCw = C∞ + C0

(
e

x
2L

1 − α1t

)
(7)

The following are the similarity variables

u = U0

1 − α1t
e
x
L f′, v = −

(√
U0υ

2L(1 − α1t)
e

x
2L

)
(f + ηf′),

θ = T − T∞
Tw − T∞

, φ = C − C∞
Cw − C∞

, η = y

√
U0

2υL (1 − α1t)
e

x
2L . (8)

Use of Equation (8) into Equations (2)–(5) brings

f′′′ − Mf′ − 2Af′ − Aηf′′ − 2f′2 + ff′′ = 0 (9)

(
1 + 4R

3

)
θ ′′ + Pr(Nbθ ′φ′ + Ntθ ′2 − 2Aθ − Aηθ ′ + f′ θ − f θ ′) + 2(A∗f′ + B∗θ) = 0 (10)

φ′′ + Nt
Nb

θ ′′ − Sc (2Aφ + Aη φ′ + f′φ − fφ′) = 0 (11)

The corresponding boundary conditions are

f′(η) = 1, f(η) = S, θ(η) = 1, φ(η) = 1, at η = 0
f′(η) = 0, θ(η) = 0, φ(η) = 0, as η → ∞ (12)

The flow parameters in the Equations (9)–(11) are defined as follows

M = σB02

ρU0
, Pr = υ

αT
, A = α1L e

−x
L

U0
, Sc = υ

DB
, R = 4σ ∗T3∞

κk∗

Nb = τ
DB(Cw − C∞)

υ
, Nt = τ

DT (Tw − T∞)

υT∞
, S = V0

√
2Lυ

U0(1 − α1t)
(13)
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The important physical parameters at the surface are the coefficient of skin-friction, the
Nusselt number and the local Sherwood number are mathematically expressed as

Cf = 2τw
ρu2w

, Nux = xqw
κ(Tw − T∞)

and Shx = xqm
DB(Cw − C∞)

(14)

where τw is the shear stress, qw and qm are thewall heat flux andmass flux respectively, and
are defined as

τw = μ

(
∂u

∂y

)
y=0

, qw = −κ

(
∂T

∂y

)
y=0

and qm = −DB

(
∂C

∂y

)
y=0

(15)

Substituting Equations (7) and (15) in Equation (14), we have

(
Rex
2

) 1
2

Cf = f′′(0),
(
Rex
2

)−1
2

Nux = −x

L

(
1 + 4R

3

)
θ ′(0), and

(
Rex
2

)−1
2

Shx = −x

L
φ′(0).

(16)

where Rex , is the local Reynolds number.

3. Method of solution

The differential Equations (9)–(11) and related boundary conditions (12) cannot be solved
analytically, so they are solved numerically using the MATLAB tool with the default bvp4c
package. In general, the MATLAB software accompanied the built-in shooting technique.
Meanwhile, the choice of mesh scaling and error mechanism is equipped by the residual of
continuous solution. The approval was fixed up to 10−7. In this problem, the conclusion is
guaranteed (η∞ = 5) that all the numerical solution accurately approaches to the asymp-
totic values. The flow chart for adopted methodology is shown in Figure 2. One can access
the adopted methodology detail in Refs. [33,34] and some other schemes to narrate the
fluid flow narrating differential equations in Refs. [37–45].

4. Result and discussions

The impact of various flow quantities is analyzed and discussed through Figures 3–15. Also,
the friction factor coefficient at the wall and the rates of heat andmass transfer coefficients
are presented in Table 3. For the correctness of the method, the results are verified with
existing results and are to be found very goodwithMagyari and Keller [5], Mabood et al. [6],
Ishak [12], Jat and Chand [13], El-Aziz [35] and Mukhopadhyay [36] (see Table 1 and Table
2). Throughout the calculations the default parameters are taken asM = 2, A = A∗ = B∗ =
Nb = 0.2, Nt = 0.3, Sc = 0.3, Pr = 0.71, S = 0.6, R = 0.5 and η = 5.

Table 1. Comparison of−f′′(0) against various values of M.

M

0 0.5 1.0 2.0
Jat and Chand [13] −1.2903770 −1.4695040 −1.6303845 −1.9128497
Present results −1.290377 −1.469504 −1.630384 −1.912850
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Figure 2. Flow chart describing the MATLAB simulation process.

Table 2. Comparison of heat transfer coefficient −θ ′(0) for various values of M, Pr, R with A = η =
R = Nb = Nt = A∗ = B∗ = Sc = S = 0.

R M Pr Magyari and Keller [5] Mabood et al. [6] Ishak [12] El-Aziz [35] Mukhopadhyay [36] Present Results

0 0 1 0.9548 0.95478 0.9548 0.9548 0.9547 0.954853
– – 2 – 1.47151 1.4715 – 1.4714 1.471445
– – 3 1.8691 1.86909 1.8691 1.8691 1.8691 1.869062
– – 5 2.5001 2.50012 2.5001 2.5001 2.5001 2.500121
– – 10 3.6604 3.66039 3.6604 3.6604 3.6603 3.660344
1 0 1 – 0.53121 0.5312 – 0.5312 0.531425
0 1 1 – 0.86113 0.8611 – 0.8610 0.861126
0.5 0 2 – 1.07352 – 1.0735 1.0734 1.073524

3 – 1.38075 – 1.3807 1.3807 1.380710
1 0 3 – 1.12142 – 1.1214 1.1213 1.121403
1 1 1 – 0.4505 0.4505 – 0.4505 0.451164

The effect of the magnetic field parameter on the velocity and temperature distribu-
tions is depicted in Figure 3 and Figure 4. From Figure 3, it is seen that when we increase
magnetic field parameter M = 1,2,3 and 4, the velocity of fluid decreases. This impact is
due to activation of Lorentz force. Higher values of magnetic field parameter enhance the
Lorentz force and as a result fluid particles faced resistance, which leads to decline values
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Figure 3. Effect of M on f′(η).

of velocity. But the opposite trend is perceived in the temperature field when we increase
magnetic field parameter M = 1,2,3 and 4. Resistance offered to fluid particles generate
heat energy as result, the temperature of fluid increases. Figures 5–7 display the variations
in velocity, temperature and concentration distribution of a fluid towards unsteady param-
eter. These figures emphasize that all the distributions are diminished with the imposition
of an unsteady parameter A = 1,2,3 and 4. This is because the velocity along the sheet
reduces with the rise in the value of A and also, less heat is transferred from the fluid to
the sheet, so that the temperature decreases as well the similar result has been detected
for fluid concentration also. The impact of heat generation parameter on fluid temperature
is examined and offered by way of Figure 8. We observed that when we increase the heat
generation parameter A∗ = 0.1, 0.2, 0.3 and 0.4, the temperature of fluid increases.

This is because higher values of heat generation parameter produce heat energy and
as a result temperature increases. It is apparent from Figure 9 that the fluid velocity is sup-
pressed with escalating values of a suction parameter. Physically, the suction parameter
is a mediator that causes resistance to the fluid flow to decrease the fluid velocity. Also,
fluid temperature decreases with increasing values of S, which is explored in Figure 10. The
impact of Brownianmotion parameter (Nb) on fluid temperature and concentration is pre-
sented in Figure 11 and Figure 12, and noticed that escalating the values of Nb inflates the
fluid temperature. Since the role of Brownianmotion is dominant in enhancing the thermal
conductivity of nanofluids, more heat transfer occurs and makes the temperature of fluid
increase. Also, an increase in Nb the unsystematic motion and collision of theminute parti-
cles of the fluid enhances and then declines the nanoparticle concentration. Figure 13 and
Figure 14 elucidated the influence of the thermophoresis parameter (Nt) on temperature
and nanoparticle concentration. It is clear that both the temperature and concentration of
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Figure 4. Effect of M on θ(η).

Figure 5. Effect of A on f′(η).

fluid increase with an increase in Nt. Physically, thermophoresis is a mechanism of pulling
small particles away fromhot to cold surfaces. As a result, it intensifies the fluid temperature.
For larger value of Nt coincides with the stronger thermophoretic diffusion that blows the
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Figure 6. Effect of A on θ(η).

Figure 7. Effect of A on φ(η).

nanoparticles out from the surface of hot to cold ambient fluid. So, the nanoparticle con-
centration is increased. The impact of radiation parameter (R) on temperature is offered in
Figure 15. Increasing the values of R release more heat energy into the flow and dominant
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Figure 8. Effect of A∗ on θ(η).

Figure 9. Effect of S on f′(η).

effects over conduction, so that the temperature of fluid escalates with improving values
of R.
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Figure 10. Effect of S on θ(η).

Figure 11. Effect of Nb on θ(η).

Table 1 and Table 2 present the comparison values of the friction factor coefficient
and heat transfer coefficient at the wall with the existing results of Magyari and Keller [5],
Mabood et al. [6], Ishak [12], Jat and Chand [13], El-Aziz [35] andMukhopadhyay [36] and in
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Figure 12. Effect of Nb on φ(η).

Figure 13. Effect of Nt on θ(η).

some limiting cases. From this table, we finalized that our outcomes and the numerical pro-
cesses agree with the previous results. The numerical values of the skin friction coefficient,
local Nusselt number and local Sherwood number are presented in Table 3. It is clear that
the friction at the wall increases with increasing the values of M, A, and S. The skin friction
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Figure 14. Effect of Nt on φ(η).

Figure 15. Effect of R on θ(η).

is found independent for A∗, B∗, R, Nt, Nb and Sc. The heat transfer rate is significantly
depreciated by improving the values of M, A∗, B∗, R, Nt, Nb and Sc, while an opposite
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Table 3. Numerical values of f′′(0),−
(
θ ′(0)

(
1 + 4R

3

))
and−φ′(0), for distinct flow parameters with

M = 2, B∗ = −0.1, Pr = 0.71, S = 0.6, Nt = 0.3, Sc = 0.3, η = A = 0.5, A∗ = Nb = 0.2, R = 0.5.

M A A∗ B∗ R Nt Nb Sc S f′′(0) −θ ′(0)
(
1 + 4R

3

)
−φ′(0)

1 – – – – – – – – 2.090403 0.488387 0.423744
2 – – – – – – – – 2.336726 0.478783 0.422673
3 – – – – – – – – 2.557423 0.471089 0.422303
– 1 – – – – – – – 2.428908 0.767871 0.336451
– 2 – – – – – – – 2.578384 1.082399 0.354694
– 3 – – – – – – – 2.696406 1.288572 0.406001
– – −0.1 – – – – – – 2.336726 0.614367 0.240171
– – 0 – – – – – – 2.336726 0.569188 0.300984
– – 0.1 – – – – – – 2.336726 0.523993 0.361818
– – – 0.1 – – – – – 2.336726 0.700974 0.151542
– – – 0.2 – – – – – 2.336726 0.600675 0.275598
– – – 0.3 – – – – – 2.336726 0.478783 0.422673
– – – – 1 – – – – 2.336726 0.403636 0.510826
– – – – 2 – – – – 2.336726 0.332097 0.593417
– – – – 3 – – – – 2.336726 0.297691 0.632675
– – – – – 1 – – – 2.336726 0.437503 −0.16180
– – – – – 2 – – – 2.336726 0.386413 −0.67598
– – – – – 3 – – – 2.336726 0.343362 −0.90854
– – – – – – 1 – – 2.336726 0.407437 0.696487
– – – – – – 2 – – 2.336726 0.332602 0.728706
– – – – – – 3 – – 2.336726 0.271795 0.738155
– – – – – – – 0.1 – 2.336726 0.485512 0.029549
– – – – – – – 0.2 2.336726 0.481616 0.242270
– – – – – – – 0.3 2.336726 0.478783 0.422673
– – – – – – – – 1 2.557755 0.579826 0.345578
– – – – – – – – 2 3.188323 0.883227 0.064207
– – – – – – – – 3 3.914735 1.231997 −0.28468

behavior is observed on A and S. i.e. the suction parameter will increase the heat trans-
fer rate between particles to the surface. Further, the mass transfer rate shows significant
variation towards involved flow parameters.

5. Concluding remarks

Theeffect of non-uniformheat sinkor sourceonheat transfer is another significant aspect in
the outlook of numerous physical problems. Heat generation or absorption may alter fluid
heat distribution, which consequently affects the rate of particle deposition in electronic
devices and nuclear reactors. Heat source or sink may be assumed as fixed or space and
temperature-dependent parameters. With this purpose, we aimed to discuss the influence
of non-uniform heat sources or sink on unsteady nanofluid flow through an exponentially
stretching sheet with consideration of the thermal radiation effect. The major findings of
our study are:

• Wenoted that nanofluid temperature is enhanced for heat generation parameter and
reduced for heat absorption parameter.

• The fluid velocity decreases with the rising values of a suction parameter
• A stronger magnetic field causes to increase the heat diffusion. Therefore, the heat

transfer rate is decreased.
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• In absolute sense, the skin friction increases as magnetic field increases. Further, the
magnitude is larger for magnetic field flow.

• The Brownian motion and thermophoresis parameters significantly enhanced the
nanofluid temperature. Since Brownian motion plays an important role in the
enhancement of thermal conductivity of nanofluids.

• An increase in radiationparameter givesway to extremeheating to the nanofluid that
causes to escalate the temperature and boundary layer thickness.

• The present framework can be extended to evaluate the flow analysis of water-based
nanofluids over different geometries having engineering standpoints.
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